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Preface

The purpoée of this study was to develop a technique to linearize a
non-linear turbofan engine into linear state gpace format. The need for
this study arose from the desire to better understand gtate-of-the-art
engine control by development of accurate linear state space models.

To develop the linear state space models, I wused a non-linear
turbofan engine simulation, commonly referred to as a cycle deck. The
turbofan engine simulation ugsed in this study was for the Fl@! engine in
ugse on the B-1B aircraft. Although the Fl8]1 engine 18 wused 1in this
particular study, the methodology for the development of linear state
space models is valid for other turbofan engines.

I would very much like to thank Dr. Robert Calico for his patience
and guidance, not just on the writing of this thesig, but for all of the
classes I have taken from him and all the knowledge and insights he has
given me. I have drawn on that knowledge many times and will continue
in the future. Thank you. I would also like to thank my branch, )
ASD/ENFPA, in allowing me the use of computer resources and time to 5%?

complete this 3tudy. In particular, Russel Denney. His keen

5 “st
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X

understanding of engine simulation models was a constant source for me

hY
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Xots
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in understanding the intricate coding that makes up a non-linear engine

':-'i
Pl

gimulation model.
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Abstract

Present generation turbofan enginea use hydro/mechanical control
governora to regulate fuel (flow and control engine performance.
State-of-the -art and future engines will have the ability to use
digital control logic to control engine performance. " Due to these
advances in engine control capability, there is a need to linearly model
the turbofan engines and develop control systems to .understand and
optimize engine performance. This paper will describe the means of
developing linear state space models which model transient turbofan
engine performance.

The F161 turbofan engine, used on the B-1B bomber, will be wused as
the example with the linear state space models being derived from the
non-linear F181 engine computer simulation model. The internal
convergence logic of the F181 engine simulation will be used to derive

the individual elements making up the linear 3tate space models. The

linear 2tate azpace models will consist of both high speed and low speed

rotor dynamice and turbine inlet temperature heat soak dynamics. State
gpace inputs conszidered will be fuel flow and engine exit nozzle area.
Algo dicussed in this paper will be linear analyitic equations in agatate
gpace format and their comparative accuracies tc¢ the models derived
using the Fl@1 non-linear computer simulation model.

Bagzed on the linear state space models developed 1in this paper,
control systems will be designed and implemented into the F181 engine
computer model. Transient performance will be compared between current

engine control degsign and the control design based on the linear state
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Final results will confirm the validity of the state space
improvement

models derived by showing

space models.
performance.
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LINEAR STATE SPACE MODELING OF A TURBOFAN ENGINE

I. Introduction

s
3

"

b )

b

P

v 1'1"(‘
o

N
r

The dynamic response of turbofan engine systems may be accurately

'

.-x'ze
AR

analyzed with modern state space techniques. Recent advances i1n engine

3
1,'1
P4

technology, such as the extensive use of variable geometry and digital

e
"

electronic controls, are ideally gsuited to state space analysis.

‘fl’f',’.".{l"
R

,:1 ‘;"i
» %

However, developement of a state space model can be challanging. The

-...
S
r)

difficulty 1n developing linear models lies in the use of non-linear o
.‘\(
WA
thermodynamic computer engine models, commonly referred to ag cycle ':J:I
et
decks. Cycle decks are usually purchagsed by the Air Force from the @
N
engine manufacturer. Engine modeling techniques can vary greatly from }:}
o
manufacturer to manufacturer which makes it very difficult to develop a J:fj
PFAC AL
Bl S
generic method of using the non-linear cycle decks from the different @
TR
e
engine manufacturers 1n deriving linear state space models. There are, ,:,:,
AL
L
e
however, some common denominators in engine thermodynamic modeling among f\eh
TN
manufacturers that serve ag a basis in the development of linear state )
RS
space models from non-linear cycle decks. a?:}
ERC A
This paper will first examine how non-linear cvcle decks [f:f:
thermodynamically model engine dynamics using a simple turbojet as an [ ]
NS
example. The results will be analogous to the more complex turbofan. A D
N
non-linear turbofan cvcle deck will then be used to derive linear Qﬁ:ﬁ
A

models. Also discussed in this paper will be the wuse of linear

analytic equations to model the thermodvnamic processes within ‘the

R B R N T & O T e S N S T S W N U PPN
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engine. Finally, using the developed linear models, a rate feedback
degsign which takes advantage of present digital technology will be shown
to improve engine response characterigtics over present day

hydro/mechanical engine control designs used in the F101/B-1B turbofan

engine.
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‘ ~ey
A non-linear cycle deck thermodynamically balances pressures, ﬁb,{
o
temperatures, and flows across various engine components, the most
common being the engine inlet, low pressure fan (LPF), high pressure ut,
A
o
compressor (HPC), high pressure turbine (HPT). the low pressure turbine :::ﬁ
)
S
(LPT) and the exhaust nozzle. The cvcle deck satisfies both energy and ®
flow continuity requirements based on 1inlet, fan. compresgsor, combustor, it
'
turbine and nozzie component characteristics predefined from N
o
experimental testing. The component characteristics are mapped ir"
(defined) as functions of temperature, pressure. and mass flow rateg and ;}i:
.-.:.'\
S
integrated 1nto the thermodynamic processes and calculations internal to ::a‘
DA
L
the cycle deck computor gsimulation. Therefore. the cycle deck engine ;'
simulation models 1individual components with unique temperature, i:;
RSN
o
n
pressure and {low characteristics and through energy and flow continuity }{x
e
Ny .
relationships establish their 1interdependence. To simplify the ’."‘
a]
discussion of internal thermodynamic balancing of a non-linear engine ~7r
LAY
.
cycle deck, a simple turbojet will be considered u}{
AN
..
Turbojet Engine N
J'.’:;
Figure | 1s a repregsentation of a turbojet engine consisting of a :‘g
g
PACS
compressor, combustor, turbine and nozzle. All pressures and A
o
temperatures are absolute unless otherwise indicated, and the 1inlet s :i:
.\..-‘
-\..\
considered 1sentropically 1deal. Also shown are component AN
» .l~
. . '_\.'__h
characteristic mappings of the compressor. turbine, and nozzle. SN
p
@
Combustor efficiency (P4/P3) 1s a function of temperature, pressure. and 3&,’
N
- ™
geometry of the combustor and 18 considered defined from a table look-up Q}f
')
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once the thermodynamic states are known at Station 3.
The power lever angle (PLA), or engine throttle position, defines

the demanded, corrected, engine shaft speed, Nk' In the Fl01/B-1B and

the F116/F-15 turbofan engines, the schedule is imposed on a mechanical

cam linked to the PLA position. For a given PLA setting, the engine

will operate somewhere along a constant corrected speed line, N at

k'
some operating point defined by the compressor map (see Figure 1). Any

point along a given N, will define a mass flow rate, pressure ratio, and

k

efficiency across the compressor. An 1initial guess 18 made by the

engine cycle deck program as to where along the Nkline the engine will

operate defining the corresponding pressure ratio, P25/P corrected

3 ’

mass flow rate, LY defined as mQSVTQS/P25' and efficiency, nc. across
the compressor. It is agssumed that inlet conditions, T25 and P25 are

always known from instrumentation in the inlet. An expression for the
compressor work in terms of temperature differences across the
compressor and based on the guessed operating point on the compressor

map is given in Equation (1) as,

y - 1
Tos Ps >
Tys = Ty = " P— -1 (1
c 25

where » is a function of temperature and fuel/air ratio.f. Compressor

work and TS are now defined.

Thermodynamic properties equating T_and T4across the combustor can

3

be written as,

( =
1 + f)Cp4T4 cp3T3 + fan (2)
5
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Specific heat

Combustor efficiency

K
Q

Heating value of fuel.

The cycle deck guesses a value for f and given T3 from Equation (1),

Equation (2) may be solved for T4. Recalling the values for N defined

K’
by PLA pogition, and m,. defined from f and @, Pi' defined from P3 and

n, . and T4. the turbine pressure ratio, P4/P5. can be determined from

b’
the turbine map characteristics (Figure 1). Turbine work can now be

calculated using the equation below.

l

r-
! r
-7 = - ——
T4 T ntT4 1 o (3)
L

For gteady state operation, the work being done across the f_:_
AN
e
compressor mugt be equal to the work across the turbine or acceleration J.r
(g v;‘r
-'_--' !
in rotor speed will occur. 1If, bagsed on the guessed fuel/air ratio, f, f\{:
S
LS
the compressor and turbine work are not equal, fuel/air ratio will be ﬁ\f\
‘Jx;\
R
used to iterate between Equations (2) and (3) until the the compressor o
Wi
and turbine work are balanced. iy
\D\.
Y
The nozzle pressure ratio, PS/PO. and the nozzle corrected mass flow }}:;
S
. ..'l
rate, mSVTs/?S. can be calculated from the following equations: ®
o
e
-‘ -
P./P = (P /P )(P./P,)(P,/P_) (P./P,) (4a) e
570 T 2770 32 T T s Ty 3 e
o
P
where P s the ambient pregsure , and ®
Q .4
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All the ratios on the right hand gide of the above equations are

e,
\

I({..l

S

known. However, PS/Po and the corrected mass air flow must also lie

o'

w, W
somewhere on the nozzle map (Figure 1). Continuity must be satisfied F}x
. N
™ between calculated corrected magas flow rate and nozzle corrected mass :tir‘
‘l

5
X

L

flow rate characteristics. Recall that calculated values for PS/Po and

corrected mass f{low rate are based on the initially guessed compressor

o operating point. If the calculated nozzle corrected magss flow rate and
1,5
g the corrected mass flow rate based on the nozzle map characteristics do
IEB not match for a given P./P . a new compressor operatng point along the Iy
. ¢
vl
Nk speed line must be chosen wuntil continuity is satisfied. Once A )
(™ U
- N
iﬁ‘ satified, the entire thermodynamic cycle is satiafied for both energy W
o
o and continuity. Qﬁ::,
e
Ae e
va Various techniques for iteration on fuel/air ratio and compressor NN
RN
RN,
i operating line exist and vary from simplified techniques which can be AR
v accomplished on a hand-held calculator to more accurate methods which :::j
N
”, Ny
%ﬂ require the Newton-Raphson technique such as is currently wused 1in ﬁi%;
-~ LSS
General Electric engine cycle simulationsl, but the basic premise of -};;
: Y, --_.' 1
energy and continuity satisfaction must always be met. ey
RS
SRS
:: TGN
LA
',‘ .‘ i”\
Turbofan Engine AR
. .'_ ]
t‘,“: | :‘:'i e
Consider a turbofan ag a high rotor speed turbojet surrounded by S
- another low rotor speed turbojet. Stage by stage the thermodynamic ifi{t
5 ST
energy equations are satisfied in the game manner as the simple turbojet ,!}K
v <. <,
'\, - -".n-
E. example. Figure 2 shows a typical turbofan engine. The additional i
o
A
e components distinguishing it from a turbojet are the low pressure fan, ::{:{
. -~ A
’ (LPF), low pressure turbine, (LPT), and the bypass duct. Like the 73?
v
- e
P turbojet, inlet conditions are known. Work across the LPF and LPT must gyt
2 ARy
7 NN
AN
K
" RS
o
R g A A A R N A A S A A A A S
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be equal just as work across the high pressure compressor, (HPC), and

the high pressure turbine, (HPT). Also like the turbojet, an operating

o
™ point for tte LPF 18 guessed by assuming a bypass ratio (ratio of air
!! through the duct divided by the air through the compressor) and low
" rotor speed. Thig serves to define a pressure ratio and corrected mass
S: air flow across the LPF and in turn, inlet conditions into the HPC.

Continuity ig gatisfied by requiring static pressures of the duct and

s

high speed ronor mass flow rateg at the mixing point of the duct and

g. core be equal. The mags air flows mix shortly after station 5. Static

. pressures will be equal provided no shocks exist at +the mixing point ;f;:

3; which is normally the case. The F101/B-1B assures this to be the case S?EE

. hia
by scheduling duct Mach number as a function of engine inlet :}:a

b o s
IR LN
/’

]

temperature. Duct mass flow velocity is controlled by varying nozzle AN

RS

~, exit area. Nozzle flow continuity of the combined duct and core mass ot
R o
- air flow must also be satisfied based on nozzle map characteristics. NG

®

!! The energy and continuity conditions for a turbofan are satisfied 1in st
AN .:" ,T.
an analagous manner to those of a turbojet. The only real conceptual tL:.

o e
" difference is i1n the number of energy and continuity conditions to be N

5 satigfied. The important point to realize is that in equilibrium, flow N
."\ ._'.-_

-~ .

- continuity is satisfied along with the work energy conditions. Any '{x
fo

A

?: torque applied off equilibrium (off-torque) on either rotor would force }ij

- )
a rematching of energy (spool work) and continuity within the engine to ;:H‘
T .l',-:
-~ A4
< maintain  equilibrium. The engine rematch would cause N
o,
K acceleration/deceleration to occur until equilibrium was once again #:f:
N [ 3
obtained. A
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IIT 0ff-Torque in Turbofan Linearization

2.
N
®

X

A%

0ff-Torque

o

il \'}
e M

Off-torque is defined as any torque applied to the high or low spool

rotor that ig different than the torque required to maintain

-

- equilibrium. Each engine equilibrium condition has associated J;::‘
- ' .':'J

equilibrium engine parameters. The parameters of most intereat are Nle' KRENe
. N, ., T, ., W, , and A, . For the turbofan engine, N is defined as the
’ 2e 4e fe 8e 1

low rotor speed; N2 is the high rotor speed; T4 is the HPT 1inlet

temperature; Wf 18 the fuel flow and AB is the nozzle exit area. The

importance of these particular parameters will be discussed shortly.
Each of these parameters has an equilibrium value associated with it
indicated by the subscript ‘e’. However, if for example, Nl was forced

to operate at (Nle+dN1) and the other four parameters remained
unchanged, continuity and energdy conditions would no longer be
satisfied. The engine would have a desire to change both its rotor

’ speeds and HPT inlet temperature to operate at the new equilibrium rotor

. speed (Nle+le). The desire of the engine to rematch to a new

)
R
>,
.

equilibrium point can be used in a computer gimulation model cycle deck e

to develop linear equations of motion.

Qff{-Torque Method R

Using a cycle deck to force a turbofan to operate at an o
off-equilibrium point requires three new iteration parameters to force a

and T, . W, and A are

new operating point defined by (Nle*le), N2e' te ¢ 8 o

not allowed to change. The three iteration parameters used are low e




oy ate b

s

<1

AN

w2

WYe -
™

s ‘gt “gat Ta? e et “Bat o Gt Pt o ot o gl gt e’ 3 ey o et

speed spool off-torque. ﬁl. high speed spool off-torque, ﬁz. and a

‘temperature off-torque’, T,. made up by adding d'I‘4 to T to obtain

4 4

(T4+dT4) and multiplied by the turbine rotor heat soak constant, T to
give T4. The heat soak constant is a function of temperature and flow
and is calculated within the cycle deck. It has wunits of 1l/gsec and,

when multiplied by qu, gives T4. The three iteration parameters, ﬁl.

N . and T are used to define the elements of the state space equation.

State Space Equation

The elements of the A and B matrices in the state space equation.
[X) = [A}[X) + [BI[U],
are of the form,
I ax

X .
1 1
P Ii,j:l.3 and B = P |1=1,3; k=1,2

J k

where, for the above turbofan example.

X, = N u, = W

1 ] 1 f
K= N Uy = A
Ky = T,

The off-torques required for operation at an off-equ:ilibrium point

are ﬁ . ﬁ , and f Therefore, the first column of matrix A 19 defined

1 2 4

as the off-torques required to rebalance an off-equilibrium point of

(N, + AN}, N and T for a given W, and A_,, divided by dN. . The
le 1 4e f

8 ’ 1

second column of A 18 gimilarly defined by the off-equilibrium point of

2e

Nle' (N2e* dNQ). and T4e for a given er and Ae. The last column of A

18 completed uging (T4e*dT4). and the columng of the B matrix are
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2 completed using (er* dwt) and (A8+ dAB) and the off-torques required to N
oY

run to their respective off-equilibrium points. Thus, the state space

! ..\l‘
equation linearly modeling a turbofan engine about sgmall changes f{from qk;'
Bl
the equilibrium ig complete. RSN
. ‘F\l J‘
-

r

| Nd

y State Space Parameters

It ig not initially evident why the state space parameters N N

1 2’
~ and T4 are used in describing the dynamics of a turbofan engine. In
Tf short, the methods of choosing the proper engine parameters depends on
ﬁf the gspeed of response of the internal engine dynamics, the degree of
accuracy required in the state gspace model and which parameters are of : {,:
E_ interest. As an example, presgure within the nozzle, P8 becomesg %EE‘
important in degcribing engine dynamics when a long nozzle is involved. 53?‘
The longer nozzle allows the relatively high speed pressure dynamics to ,._,
AL,
3 gignificantly affect transient conditions. For the FI101/B-1B engine iész
: used as the example 1n this paper, P8 dynamics are very quick relative ;2“;.
to the length of the nozzle and do not appreciably add to the dynamic :,g{:
. model. However, on some engines, like the F1@08/F15,F16, P8 dynamics do éséz
L play a role 1n modeling the dynamics. ;Eii
[ Turbine inlet temperature is an important parameter in the Fl@1/B-1B I;E:
- engine because of the large HPT disk heat soak characteristics. The E;E:
- dynamics of the heat socaked into the disk significantly affect §ES$
temperatures and pressures down stream of the HPT. Therefore, the heat TSLT
2 soak time constant plays a substantial role in engine transient i;;g
. dynamics. Naturally, the parameters Nl and N2 are always of interest Egé;é
tecause the 1nertias 1involved with the low and high speed spools }!%ﬁ
- dramatically affect transient acceleration times. éigé
M NP
12 :E:é
A
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The gize of the deltas le. dN2, and dT4 will vary in magnitude for
accurate off-porque resultg. If the delta size 1is too small the
algebraic limitations of the cycle would not converge on an accurate
off-torque value. If the delta size is too large, the off-torque due to
a pogitive delta would not equal in magnitude the off-torque due to a

negative delta. Delta sizes will vary for different PLA sgettings and

from engine to engine.

State Space Model Results

The non-linear transient engine cycle deck model for the Fl@1/B-1B
wag used to generate the state space model. Internal cycle deck logic
was developed to manipulate the Newton-Raphson convergence subroutines
to use off-torques in rebalancing to new off-equilibrium points. State
gpace models were developed at various PLA positions (equilibrium
points) in small 5 degree increments for accurate model continuity
between PLA points. Figures 3 through 106 show the root locus and

gain/phase plots for the N2/Wf transfer function derived from the

various state space models. The NZ/Wf transfer function 18 of most

interest 1n designing a control scheme since the F101/B-1B engine uses

N2 schedules to zet fuel flow, Wf. for given throttle settings. Present

engine transient control logic uses N_ ag a gain feedback.

2

Notice the characteristics of the root locus plots. In all cases
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there are two zeros and three poles, one pair ag a complex conjugate. ®
A
e
One zero 1s relatively large and the other s:ituated near a pole. The :s;n}-
e
complex pole conjugates are located nearest the i1maginarv axis. These gl
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characteristics of relative root and pole location are consistent at ®
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IV Analytic Equations )
e :',’:,,l L,
. . Vs
Analytic equations describing the thermodynamics of a turbofan ﬁ;‘
2 ) Ny
engine have been derived, The equations were non-linear. and 1n all &;h\
P
LS,
cages failed to tie all components of the engine together. ;::s'
” t
AN
Recently, however, in a technical report from General Electric's -.
. . 3 DR,
Advanced Engineering Technology Department an attempt was made at ;qix’
"~ S
A
A
deriving linear thermodynamic relationshipsg that encompass all stages of ;\jx
N
LA
a turbofan engine. Although the equations were not 1n linear - ° ;
state variable format. they did give linear relationships for crossing :f::
various engine stages, the main stages being the low pressure fan (LPF), {f(f‘
A
the high pressure compressor (HPC), the combustor, the high pressure e
turbine (HPT) and the low pressure turbine (LPT).
To check the accuracies of the linear analytic equations, the Fl@l '_':'
engine cycle deck model was used. Values obtained uging the linear ""
"
equations were compared to values obtained using the non-linear cycle g;;:s
Py
NN
deck over small fuel step 1inputs corresponding to approximately 2 E};s
LA
\;'v:'h
degrees PLA. ‘
®
AR
Also., the equations derived below will not be 1dentical to those ﬂ}ﬂ?
Jed
S
derived 1n the General Electric report. In some cases, shorter versions fﬁ\:
LS
et v
RN
of the equations were found to be less complicated vyet described the ';”‘
dvnamics with greater accuracy. It is important to note again, that the ;E:i&
‘..:_.‘-..
partials derived by General Electric are not 1n linear state variable gf;}
T
format. The analvtic equations derived below will keep linear state ";t”
variable format intact. -:ﬂ,S'
:".‘-‘.‘;\'
SARS
Analytic Equation Derivations }?{{<
When describing the :nternal mass flow rates and thermodynamic "gTF
-I',\.ﬂ\.!
L]
R
F\.‘.\J
|’\M
31 N
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properties of a turbofan engine, the following equations describing mass

flow rates, pressure, and temperature relattonships are used

extengively:

Flow Function

Wy T
N 37 (D
where,
W = Mass Flow Rate T = Temperature A = Area P = Pressure
N = Restriction Factor (constant when flow is choked),

or in terms of Mach number,
r+l

N = 76677 M[1+ﬁ/;—“—]2“'7’ = M(2-M) (ID)

Pressure - Temperature Relationship

—_ s == (III)

for adiabatic flow across the LPF, HPC, HPT, or LPT where ¥ 18 the ratio

of specific heats and m 18 the adiabatic efficiency.

Static Pressure Lgs) - Mach Number Relationship

P =P[1¢’;—1M (1V)

These equations ilink the various engine components together 1n
non-linear relationships. To linearize each of these equations, the same

basic approach of logarithmic derivatives 18 used.

For the expression

32

AR
4%

A ®

XS XXX

i

I:’ [
<

g

N

A N W N
SN BARARS
. LY
k¥ Sk LA

S P SerLE
;./‘."-I') 4

'I 5 .l' .b

P A A

ASNASS
. e
ye

‘s Y

f'.f Ft)

4, =, 5

Y
r
’
r
r
f
’
3

"
Y
.
N
N

?




>y T T Y L ate Aty ate- Aiagie- At ghe B iuc g sle Alo e AU R S T JRCHRG IR S
R R R R R I R R R T T O T T R e v F v p e T R TR TR T e v B

3

B sve Sk Wk SR

r

%%

Ll

- N ]

g
E 3

P
C

Py

LA

o

A = B*C, X
F

the log gives,
log A = log B + log C,

and taking the partial derivative,

Py

where (e) signifies equilibruim.

u‘ﬁ’

For the expression,

v _S_5
o,
v

A =B+ C,

‘?l

*
L5

taking the log/derivative gives,

{7\" % ‘}'-

g
O
>
o
O
w
Q
o
(@]
.v‘
3&5 -~

®

1]

[+
Taly) l,'.';_\."; K
RV Rd .‘..\',...

o o
“

Defining GX/Xe ag AX and d(OX/Xe)/dt as AX for future reference,

\
@
.

equations I through IV become,

- N
AN = AW + .5%AT - AA - AP (1) o
AN = (2(1-M)/(2-M) ]AM (I11) °
(AP, AP )(y-1)/y = AT, - AT (111) NN
2 8% 2 1 NG
2 ~ AN
AP X AP - yM°AM (IV) Ny
s RS
s
for constant values of ¥ and adiabatic efficiency, 7 . ;,

The log/derivative 1s a useful and accurate means of linearization.

The justification for the definition of AX 13 demongtrated below.

PP AR
“e N A\ \-’\.’\I
P I,;': N

For

the expression 4?‘1
l‘ -\. q

.\",\‘_

N
S

, NS
¢ ;\':\"
' GORS
small changes about an equilibrium can be definded as g

Cw s o e el At A A S
AN S A IR RNt P M EATIMENAT N
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A=A + 6A
e
= B + &B
e W~
= C_ + &C. fa Ya
e ®
Substitution gives, AN
NN
e
f -
(A + SA)(B_ + &B) e
e e NG
v, + oC ‘o
e
.::"-::"-:
N
Multiplying through and neglecting second order terms, ::;:{;
'..-“'.f_
AB + A SB + B &5A LN
e e e e e
/2" b
YC (1 +« &C/C ) TN
f e e -\_u.:..,
e
Substitution of the binomial expansion i”:é:
". ..
A
1 T & (1-.5(8C/C)) . w2
(1 + cSC/Ce) :,r:.r\
ui\':\
, AN
and dividing by A B YC gives the final desired solution as, \AQRfi
‘ e e e e
®
'..-‘,‘-
<S—A- = C_S_B— - 'so_c_ > "':\:’.’i’
A B ( AN
1 e e e -_'.' »,
-_'."l‘:\
,.i *y :
AR
Ag stated before, the equationg used 1n this paper differ somewhat ®
«? = %X
.-\-‘\-"
from the equations described in the General Electric report (different ALY,
RN
intended ugses) and will be derived below in linear state variable format jﬂi{}‘
W
A
gstarting with the engine 1inlet and ending at the engine nozzle

“»
]
’
E

algebraicly connecting each engine 3tage to the next. Figure 11
describes by number the various engine gstages and locationg of
pressures, temperatures, and mass flow rates used in the derivation of

the linear equations and should be referenced as the equations progress

from stage to stage.
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Engine Stages .

XA
kye,
S

Engine Inlet ﬁ!;ﬁf
)
' Isentroplc flow 18 assumed in the inlet giving AY
= CPw
E: T 17 T 2 ::::'\
= At
1 P 9 s
W1= W2 ®
“w
F AN
= ALY
Flow across the fan 18 assumed adiabatic, and the form of {:’

)
7

Equation (III) states,

v e
-,I
»

s

ool
(P13 ) e T3
T_—j = —=— for bypass flow, and

5%
o

[ o)
e
. @

et

L'y

[

[p]

a

()
S .

'l

'x.'

5 = ——=—— for core flow.

'-‘;.;\
(s

YRS

YN
s
[\ L

Taking the log/partial and assuming a constant y and efficiency, m 1n

the duct and core, the equations become.

{ -
rf 1)
anf

[APIS- AP2] AT13 - AT (Bypasgs)

(yc-ly

chc

[APQS- AP2] = AT25 - AT2 (Core) .

If the flight Mach number 1s held constant, AT2 and AP2 will be

zero. To further simplify the derivation of these and further

equations. the expression (y - 1)/y . will be defined as

GNFD for the fan bypass flow

GNF for the fan core flow

GNC for the compressor core flow
GNT for the turbine core flow

P e et ae, caram e .-
P 4 '\*#’\’{f J\INJNf“f\f\f\f\-~fu(\
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The above equation for duct bypass flow and compressor flow are now ijiji
N
.:’:'_\.:\
written as, ‘-.,.-)\
‘:.r,'.)-:t
‘-"\.."\
APl3 = (GNFD)AT13 {Duct Flow) _ii,
(2) ’."th:
AP25 =z (GNI-‘)A'I‘25 (Compressor Flow) '5:.;:’
:'r\'s
Fan Duct Flow i
- = LAY
The flow function within the duct follows Equation (I} and gives, L
= - A
ANI3 AWB + .SA‘[’13 qs (3a)

If no logges are agssumed through the duct,

AT = AT,
AP . = AP, (3b)
ON 5 = AN

Compregsor Flow

s
£

oV o

Flow across the compressor i3 assumed adiabatic satsifying Equation

»

e
4

~

(IIT) to give

s
4

-‘.fl

ALl S S
R h]
]

P A

5, @

S
AP
[

A’I‘3 = AT25 + APS/GNC - AP25/GNC (4) :

MRS
PR
7,0

»

AR
Engine Combuster M
®
i‘__\?\'
The equation governing the flow and heat gain i1n the combustor is :{{f:-
W, th.. - hy) = W_(LHV) (5) T
25 739 3 f NS
where, ; -\!\
.:’.\::\
LYY
TN
SN
":\'- .-
SRS
-._‘-._\-
w25 = air flow 1n core
h = enthapy at specified engine location (equal to Cp»T)
Wf = fuel flow
LHV = Jower heating value of fuel (assumed constant)
T39 = turbine 1nlet temperature prior to turbine rotor heat soak

37
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s

The turbine rotor on the Fl@l engine 13 very massive and the
temperature heat soak dynamics play a s1zable part 1n determining

engine dynamcs.

Taking the log/derivative gives

L~
B
Awf = szs + AT39(24/(Z4-1)) - AT3/(Z4-1) (5a)
where Z4 = T39/T3.
T: Across the combustor., the pressure drop is assumed small enough and
- the pressure ratio P4/P3 nearly constant such that,
Y A )
P3 = qf (5b
L
;! The accuracy of this assumption will be discussed in the error analysis
< section. o]
3 s
N
Turbine Inlet N
" ~ .'o‘
Ny g\ ":‘,
Flow 1nto the turbine inlet ig assumed choked. This may not, N
A
. however, be the case at near idle conditons, but using the cycle deck k{;f
o A
o '.‘- ‘e
- model, the restriction factors could be computed at the low idle speeds. :::}
FACAY,
Pl
For the majority of engine operations,
bras
N
- - .n-‘ :
Wa5"T2s N
o = Congtant A
A, P IANAS
41 41 NAS
) o
: o
or. RN
ap A 5aT S
~ = . . e uteute
4 w25 4 (6) Vo
L 3
. SN
- where A’I‘4 has been previously defined 1n the empirical equation 5:\$
o’ .":-"_-
l.‘ Al L
discussion as TIT. TIT and T4 can be used interchangeably. _\i\;
K ':f:L;
High Pressure Turbine b
Qﬁﬁi
. Mo
- The agsumption made for flow across the high pressure turbine 1is N:\;\
- A
» = “w
S
. 38 NTALN
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AT4 = AT42

This 1s a reasonably accurate assumption and

during the error analysis section.

Low Pressure Turbine

Ag before, adiabatic flow acrosgs the

assumed. The appropriate equation 1s,

SRR
P42 T42
which gives,
AP5 = AP42 + (A’I‘5 - A']i ) /GNT.

The equation for the restriction factor,

wsf)
5 AP,

gives,

AN_ = AW250 .SAT5 - AP5

Unbalanced Power

Fan

will be discugssed later

low pressure turbine 1s

(7a)

(7b)

The horsepower of the fan, (FP). ig given by definition as,

or after the log/derivative.

AFP = AW, ¢+ ATl A

2 376

(8)
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where, Z6 2

= TIS/(TIS-T ).

’ Low Presgure Turbine (LPT)

The horsepower of the low pressure turbine, (LP},

definition as,

LP = (T, - T

5 42’“25' which produces,

. LP = AW25 + AT4 2, + AT

229 5(1-29)

: where, Z9 = T42/(T42-T5)

? The difference between the fan horsepower and the

would be zero in equilibrium. However, when not in

.

differences are equal to the off-torque, INlNi. where I

N1

pressure gpool inertia. In log/derivative format,

AN, = AFP

1 ALP -

AW_ + AT

= AW 2 13"

05 * AT4Zg + AT (l-Zg) -

5

Compresgsor

In a similar manner to the LPF and the LPT,

horsepower, CP, log/differential is,

AW +

A ACP = 25 AT327 + AT (1027)

25

T,/ (T, -T, ).

where, 27 3 37 Tog

High Pressure Turbine (HPT)

The equations governing the HPT are

40
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equilibrium,

is

the

RN

is given by

(9)

LPT horsepower

the

the low

(18)

compressor

(11)
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HP

(T42 - T4)W25 and,

AHP =- AW25 + A’I‘4 (12)

remembering that AT42 = AT4.

The difference in the torque for the HPT and compregsor gives the

off-torque for the high speed rotor as,

AHP - ACP = AT4 - AT Z7 - AT (1-27). (13)

3 25

Uging Equations (2), (4), (5b), and (8), the AT3 term can Dbe

rewritten as,

AT3 = AT25(1 - GNFD/GNC) + W25/GNC + T4/(2(GNC)) (14)

Substitution of Equation (14) into Equation (13) gives,

Aﬁz = AHP - ACP

= -AW2527/GNC + AT4(1 - 27/(2(GNC)) + AT25(Z7(GNFD/GNC) -1).

(15)

Temperature Heat Soak

in equilibrium, T 18 equal to T, since the HPT rotor 1s in thermal

39 4
equilibrium. When fuel is added. T39 immediately rises, However, T4
takes some finite amount of time to regain thermal equilibrium. The

differential equation which describes the turbine rotor thermal dynamics

due to fuel flow input 1g

T4 = K4Z3(T39)

where T39 has already been shown a function of W2s, T4, T25 and Wf.

Taking the log/derivative, the equation becomesg,

3!
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- A'I’4 K4(AT3923) (16} ;.::_.
O AN
N
where K, 18 the heat scak time constant and 2.=7, /T,. Using the =7
4 3739”4 °
- expression for AT, from Equation (5a) and substitution of Equation (14) f?{
- into Equation (16) gives, :
A'I‘4/)(4 = (24/24)[AW25((1 -24) + 1/GNC) + AT4/(2(GNC)) +
33 ATZS(I-GNFD/GNC) + AWf(Z4 - 1)) (17)
o
Equationg (18), (15), and (17) make up a partial gtate space matrix
of the form,
[X] = [(A)(W) + [BILU] + [E}(VI].
e or in termg of engine parameters,
N e,
. W
i o
i, AN AW AT A ':'r.':
1 2 13 e
d AW "wf..
— | AN = [A)] AW + [B) f + [E]} AT (18) -~
fo ¥ dt 2 25 AR 5
A'T4/k4 AT4 8 A'l"25 ]
where,
‘
-1 1 Zg
- (A = | o -2, /GNC (1-2.) /(2 (GNC))
” ) 23/24(1/GNC¢(1-Z4) 1/(2(GNC))
. ) ) o (1-Zy) ¢
'™ [B) = | o e | . (E]=1]68 ) 2, (GNFD/GNC) - 1
n (2,1 0 0 0 (1-GNFD/GNC) ‘N
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Continuity Equations

To transform the above equation into the conventional form,

(X1 = (A)(X) + (BI[U],
the continuity equations for a turbofan engine are employed.

The total nozzle area for the Fl9] is made up of the bypass duct

area, ABB' and the core area ABC' Remembering the restriction factor in
the duct, N 18
W13 13
N13=A——P—— . (19)
13713

continuity of flow at station 8 (the nozzle) gives.

Mi3hia3Ps o Mafects
T3 "Tg

Taking the log/derivative and recalling AAl3 is zero.
AAGB = Ale + .SAT8 - .SAT13 - APB + APIS' (20)

Flow at station 5, the LPT outlet, must also satisfy continuity.

The relationship gives,

AASC = ANS + .5AT8 - .SATS - AP8 + APS. (21

As stated eariiler, the nozzle area 15 made up of both core and

= 1
bypags area guch that Ae A8B + ABC' or after the log/derivative,

Agady = Agpbhgg + Rp B4, (22a)

Each area satisfies the following.
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(W) o+ Wy YT ) (22b)
A =
8 P
8
A = M1377s (22¢)
8B P
Wos7Tg
A, = —22 = (22d)
T P8

Dividing Equation (22b) by (22d) gives,

AAB(I + B) = A%BB + AABC . (23)

where B ig the air flow bypass ratio wls/w25' Substitution of Equations

(20) and (21) into Equation (23) gives,

AAB(I + B) = AN]SB + .5A‘%B - .SATHB - APBB + APISB +

ANS + .‘.izt&T8 - .SA’% - A% + A%. (24)
When two seperate air flows mix, in this case the duct bypass and
core air flows, an approximation of the final temperature gstate 1is a

flow weighting of the two air flows. At station 8, the mixing point,

the equation for temperature 1s,

(Wyg *+ Wi30Tg = WiaT 5+ WogTs:

Rewriting in terms of constant bypass ratio, B, and taking the

log/derivative,
ATS(I + Q) = AHS + A% . (25a)
where Q = B(TIS/T%‘
A gimplified means of mixing presgsures P13 and P5 based on

experimental results of tested turbofan engine data gives the

log/derivative relationship,
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APB(I + B) = APISB + AP5. (25b)
Accuracies of the assumptions made in Equations (25a) and (25b) will

be considered in the discusion on error analysis. Substituting Equations

(25a) and (25b) into Equation (24) results in,

Z.. (26)

AAS(I + B) = ANl B + aN_ + .5AT525 - .SAT13 5

3 5

where Z5 = (B - Q)/(1 + Q).

Substitution of Equations (7a) and (7b) into Equation (6) defines

the restriction factor at station 5 as

ANS = A’I‘4 (1/GNT -1/2) - A’]‘5 {1/GNT -1/2). (27)

Further substitution of Equations (2), (3b), and (27) 1into Equation (26)

gives the first continuity equation in final form being,

AAS(I + B) = sz(l + B) - A%s + AT4(1/GNT - 1/72) ¢+
AT12(8/2 - B(GNF) - 25/2) + A’I‘S (75/2 - 1/GNT + 1/2)

(28)

Another continuity conditon must also be satisfied. When the duct
and core mass air flows mix, the static prssures at the mixing point

mugt be equal, or for the Fl@1 engine.

P =P

sl6 s5°
Recalling that there are no locses. P 1s also equal to P just as
sl6 813
P.. 1s equal *o P,,. These terms will be used interchangable.

i6

12
The relationship between restriction factor and Mach number, M, 1s

given by,

vy -1
- i 6 2 201~y )
= ‘:f h 46— “1-
Nl6 nEvYy 5 “16 [L MlG ] 6 (29)

This equation becomes verv ~umbergome when taking the log/derivative.
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Baged on past General Electric performance data from turbofan engine

57

[

testing, a simplified equaton for the regtriction factor over the

hY

P4
W

!
)

operational range of an engine 13,

\?::.

le = M16(2 - M16) {30) iﬂ?‘

The accuracy of this equation relative to Equation (29) can be seen in -
@

Figure 12 which plots Equation (38) versus Equation (29) ag a function :}ﬁ:

SN

of Mach number. The relationship between static and total pressures as .{:i'

e
."l

PN

@

a function of Mach number is by definition,

I ¢
-
- -

5%

Y16

P Y.a.-1 ¥ig-1
0L e 1o (31a)
P 2 16

sl6

o~
()
L X

%

A

X
S
L4

.
o
.

Taking the log of both sides, and using the 1log =series approximation,

Equation (3]a) becomes, .

M2 (31b)

1
‘ogP, Y16%16

16 = LOgPlS - .5

,. : ..‘

[ .
[ T

. .

Pl il  ht
l/' .'l“l'

»
(4
.

Considering station 16 and taking the log/derivative, Equations

5¢ﬁ

y a1 ¥
g

t3@¢), and (31b) vyield,

r‘.
Il

N
Y

= aM, 201 - -
aN 6 (201 - M)/ (2 - M) (32a)

2
- AD -
APc16 7 2Ps T e Mo N6 (32b)

TS
)
o o)

LA
PR

1

Combining Equations (32a) and (32b) gives the desired result in terms of

1]
L AL

statlc pressure as

A T A N
L

\- '(. '..A

APSIS = APIS - A%s % (32¢)

AP
-'.

VXN YYE

P = 2 ¢ N - -
where r13 15 substituted for P16 and 21 = yMls/Z(‘ Mle)/(l M16)'

v

P A

Similarly for station 5.

.
:"')'n'l"'l
Py

AP, ¢ AR - AN T . (32d) .:
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where 22 = .5M5(2 - MS)/(l - M5).
Since static pressures, APS5 and A.Ps13 are equal,
API3 - AN1621 = APS - ANSZZ‘ (33)

Recalling the relationships in Equations (1), (2), (6) and (7a),

Equation (33), can be written as

AT 3((1+Zl)GNFD -2

1 /2) - ATS(Zz/GNT-.S) + 1/GNT)

1

= AW_ 2. (1+B)/B + AW__(1-1/B) ~ AT, (1/GNT-.5) (34)
271 25 4

This 1s the final form to be used in the second continuity relationship.

13 and T25 can be determined

experimentally using the engine cycle deck at the desired flight

Finally, the relationship between T

condition. For a given flight condition,

X
Tz ® Tos !

where power factor, K is the factor relating 'I'l and T,. derived from

f' 3 25

the cycle deck. Taking the log/deriviative,

AT13 = ATZS(Kf)' (35)

Equations (28), (34), and (35), when combined, give an 1important

trangformation matrix of the form,

(GI(V] = [HI(W] +« [JI({U], (36)
where,
AT AW
13 2 Awf
fvl = AT . (W) = AW . and [U] = . 3N
5 25
AAB
AT25 AT4

Rewriting Equation (36) as,

(vl = (6 YrHlwl + fa17t

(J1{ul (38a)
Equation (38a) will be substituted into Equation (18) in place of

the (V] matrix.
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The other transformation needed is between the [X] and [W] matrix.
This is obtained from the fan and compressor maps. Fan and compregsor
maps are experimentally derived functions of flow versus pressure ratio
along constant rotor speed lines. The cycle deck wuses these maps to
define an operating point (an air flow and pressure ratio). From these
maps, around small equilibrium operating points, air flow can be
congsidered a linear function of presgsure ratio and speed. For the fan

and compregsor this means,

Ah&

AW25 = ANZS (DWCQN) + APSQPQS(DWCQP).

ANI(DWQQN) + APIG(DWQP)

where DW2QN, DWQP, DWCQN, and DWCQP and linear derivatives derived from

the cycle deck. From Equation (2), (S5b), (6), and the definition that

AP,QP 5 = APy - APy,

the equations can be rewritten as,

sz AN1 (DW2QN) + ATIS(DWQP)(GNFD)

_ 1
AWZS- DWCQP [ANz(DWCQN) + AT4(DWCQP)

- ATzs(DWCQP)(GNF)]

In matrix form, the above equations are,

AW2 ANI AT13
AW25 = (DWX) AN2 + [DWV] ATS (38b)
AT4 AT4/K4 AES

which are of the form.

(W] = [DWX][X] + (DWV1[V],

where,
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K
I DWCQN 4 DWCQP)
: (T-DWCQP) _ 2(I1-DWCQP)
| o 0 K,
DWQP (GNFD) @
DWV = 0 0 1
: (1-DWCQP)
[ e 0

and

[ -DWCQP (GNF) ]

The transformation matrices of Equations (38a) and (38b} can now be

substituted into Equation

[X] =

The final form of Equation

is,

(X) =

(A EG I - towvle i toowviaTl) o

(AI[X] +

(18)
(BI[UI].

(18}

(& + EG 'H)LI - (DWVI(G~

where [I] 13 the i1dentity matrix.

Equation (39)

Error Analysis

The error analysigs will include congideration of the

the development of the analytic state space

after the

1

model

transformation

to obtain the conventional form of,

substitutions

H]1(DWK][{X] +

(39)

1

(B + EG 'J)1LU]

13 1n the proper state space format.

agsumptions 1in

into the model with the use of the transformation matrices.

One 1important assumption used in the

equations was that AP

G D O AT AR

3 18 equal to AP4‘
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the ratio PS/P4 being nearly constant over the range of turbofan engine
operation of concern. When the log/derivative is taken the assumed
result :s achieved. The other important assumption made was that A’I‘4
the HPT inlet temperature, 18 equal to AT LPT inlet temperature.

42"
This agssumption 18 bagsed cn the nearly constant HPT efficiency over a
wide range of engine operating conditions. The assumption was tested
using engine cycle deck data. Over the range of 35 degrees PLA to 70
degrees PLA, the ratio of AT4 to AT42 wag .983 * 215 verifing the
accuracy of the assumption.

The assumptions made 1n deriving Equationz (25a) and (25b) were
based on past engine experience and common practice when combining two
separate air flows like w13 and W25. The accuracy of mass weighting
temperatures when combining air flows is seen 1n Figure 13a which plots
T8 calculated using the cycle deck versus T8 approximated by mass
weighting. The siope of the line 18 nearly one giving strength to the
approximation. However, when the log/derivative 13 taken, the accuracy
of the resulting Equation (25a) 18 reduced to approximately 88% over the
range of engine operation. Equation (25b), however, proves much more
accurate 1n 1ts approximation of pressure addition of two flows. Figure
13b shows a plot of AP8 as calculated by the cycle deck versusg AP8 as
calculated by Equation 25b. Again, the slope 1s nearly one, confirming
the accuracy of the approximation.

The largest error 1n computing the elements of the analytic state
space model come from the numerous substitutions and transformation
matrices used to reduce the analytic model to a 3 by 3 state space. The

errors are large enough to require the user to rely on the empirically

derived state space models for accurate modeling of engine transient
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characteristics and the analytic models for insight into individual A
engine parameter effectg on transient performance

Comparison of the analytic versus the empirical state space models .ﬁqﬁ
show the substantial differences. Keep in mind, however, the form of 5;

-
the empirical equations and the form of the analytic equations. The e

o
l.j. -
b

states of the analytic equations were defined as

AR
~ Sy
I-I{'\

DAY
.l
o

AX =

dx
L

v

L

.
o .

e

For comparison. 1t 18 necessary to multiply row 1 of the [B] matrix

ye)

" -
77,

A
"

-
5
h

of Equation (39) by N, , row 2 by N and row 3 by T

2e 4e’

multiplying columns 1 and 2 of the [B] matrix by er and ABe

respectively, will put the analytic form of the equations 1into the

Then,
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Uging the analytic equationsg described above, state gpace equations

N
Ly @
LA

were derived at various PLA settings starting with 35 degrees to 780

Ly
200
P

P

degrees in 5 degree increments. Table I compares the analytic state

v
,{.
=

v}
»

space models with the previously derived empirical state space models

-.jo

for each PLA getting. The errors induced by numerous substitutions and

. transformation matrices do not give good correlation between to two.
There is one important ingight the analytic state space models do
give. The [B] matrix of the analytic equations shows that T4 is  the
only parameter affected directly by fuel flow inputs. The empirical
state space models, however, show small effects of fuel flow inputs on
[ ﬁl and ﬁz. Upon closer examination of the root locus plots generated

from the empirical equations, (see Figures J3 through 10), a large

negative zero i1s generated. If, in the empirical equations, the ;:
: elements B(1l,1) and B(1,2) of the [B] matrix are set equal to zero EEE
S .

" corresponding to analytic values, the large zero characteristic in each :E;:
of the the root locus plots disappears. The loss of the large zero does \-:
not affect the characteristcg of the empirical state space models. EQEE
However, due to the differences in the empirical and analytic values, it SE:E\

18 necessary to use the empirical form in developing feedback control
logic. The analytic equations can still be used to wunderstand trends
X and the effects of specific parameters on engine performance.

The reason for the large negative zero is understood when examining
the accuracy of convergence routines used today 1n non-linear engine
cycle decks to balance energy and continuity as discussed previously.
The convergence subroutine works by equating changes 1n Nl' NQ, T4, wf.

and A8 with off-torques. Nl and ﬁz. and T4. The convergence subroutine
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does not know that N, and N2 are not directly affected by W, and, by its

1 f

and N, for a given

nature must generate small off-torque values ﬁl, 2

change in W,. Although the error 1s small it manifests itself 1n a large

¢
negative, non-effective root.

Using the empirically derived state gpace matrices between 35
degrees PLA and 7@ degrees PLA, feedback control systems were derived to
improve the Fl#1 engine response to small changes in PLA.

The present control logic internal to the engine cycle deck
simulation involves the feedback of the fuel metering valve rate, and

N2. For PLA changes of 2 degrees, response ig on the order of 3 seconds

to reach steady state values.
The present feedback control logic i1nstalled in the engine cycle
deck had to be bypassed and a new feedback logic using a lead/lag filter

equivalent to a N2 and Nz feedback was installed. The lead/lag filter

was used to control to a desired gain margin for tracking error and to
increae phase margin for increased engine response time. With a new
control feedback system based on the empirical state space models,
response was improved up to 75% in rise time. Figure 14 illustrates the

new feedback system. N2 wag used specifically for the F181 because the

F101 18 controlled by a N, control schedule which is specified by a PLA

2

gsetting. In an engine like the F110, which 1s controlled by an Nl

schedule based on a PLA setting, N1 and N, could have been fed back.

1

Table Il tabulates the gains on the rate, &2' and N2 feedback for
various PLA settings. Also listed in Table Il 1s the percent 1increase
in regponse times to 99% steady state values. Figures 15a through 15h
show the i1ncreases in the response of N2 over the present transient

cvcle deck model.
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IV Conclusgions

The analytic equations offer a means of visualizing the effects of
individual parameters on engine performance but are too numerically
inaccurate to be wused in modeling trangient engine performance.
Emperical equations, however, offer accurate state space models for the
developement of engine feedback control logic.

Using the empirical state space models to develop new feedback
control logic, the F181 transient performance was improved over present

engine performance for small changes in PLA.
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